Abstract. -The aim of this paper is to study existence and uniqueness for Fokker-Planck equations for operators being generators of time-inhomogeneous Markovian transition probabilities.
Introduction and framework
In all this paper E represents a Polish space with metric d. We denote by BðEÞ the s-algebra of all Borel subsets of E and by PðEÞ the set of all probability measures defined on ðE; BðEÞÞ. Moreover, B b ðEÞ, C b ðEÞ, UC b ðEÞ is the Banach space of all real bounded functions, which are Borel measurable, continuous, uniformly continuous, respectively, endowed with the norm kjk 0 ¼ sup x A E jjðxÞj.
Let T > 0 be fixed. While in Sections 1-3 of this paper T is assumed to be finite and we consider the interval ½0; T, in Section 4 we work on all of R. We say that p ¼ p s; t ðÁ ; ÁÞ, 0 a s a t a T, is a Markovian transition probability on E, if (i) p s; t ðx; ÁÞ is a probability measure on ðE; BðEÞÞ for each 0 a s a t a T,
x a E. (ii) p s; t ðÁ; GÞ belongs to B b ðEÞ for each 0 a s a t a T, G a BðEÞ.
(iii) p s; t ðx; GÞ ¼ Z E p s; r ðx; dyÞp r; t ðy; GÞ, for each 0 a s a t a T, G a BðEÞ.
(iv) p s; s ðx; GÞ ¼ 1 G ðxÞ, for each x a E, G a BðEÞ. is uniformly continuous on ½0; T Â E.
Any Markovian transition probability p on E defines a family of linear operators P s; t , 0 a s a t a T; on the space B b ðEÞ, by the formula P s; t jðxÞ ¼ Z E jðyÞp s; t ðx; dyÞ; 0 a s a t a T; x a E; j a B b ðEÞ: ð1:1Þ P s; t , 0 a s a t a T, is called the Markovian transition evolution operator associated to the transition function p. By (1.1) it follows that P s; t ¼ P s; r P r; t ; E0 a s a r a t a T; P s; s ¼ I ; Es a ½0; T: ð1:2Þ To express the dependence on s, x, we denote a solution of (1.3) by X ðt; s; xÞ; t b s:
Concerning F we assume that problem (1.3) is well-posed. Define the corresponding transition evolution operator P s; t jðxÞ :¼ E½jðX ðt; s; xÞÞ; j a C b ðHÞ: ð1:4Þ
Then denoting by p s; t ðx; dyÞ the law of X ðt; s; xÞ it is clear that p s; t ðÁ ; ÁÞ, 0 a s a t a T, is a Markovian transition probability, which is forward con-tinuous, if t 7 ! X ðt; s; xÞ is P-a.s. continuous. Note that for u a C b ð½0; T Â EÞ, ðs; xÞ a ½0; T Â E and t > 0 E½uðs þ t; X ðs þ t; s; xÞÞ ¼ Z E uðs þ t; yÞp s; sþt ðx; dyÞ:
Hence p is parabolic Feller if the law of the space time process Zðt; ðs; xÞÞ :¼ ðs þ t; X ðs þ t; s; xÞÞ; t b 0; depends uniformly continuously on its initial condition ðs; xÞ. To ensure this we need corresponding conditions on F in assumptions (1.3), as e.g. that DðF Þ ¼ ½0; T Â H, F : ½0; T Â H ! H is uniformly continuous and there exists a constant K > 0 such that jF ðt; xÞ À F ðt; yÞj a Kjx À yj for a x:y a H, t a ½0; T.
The transition semigroup on C b; T ð½0; T Â EÞ
We fix T > 0 and a Markovian transition probability p ¼ p s; t , 0 a s a t a T, satisfying (v) and (vi), with corresponding Markovian transition evolution operators ðP s; t Þ 0asataT . Define a semigroup S is left continuous in t :¼ T À t. So, let t n a ½0; T À t, t n ! T À t, as n ! l. Then since u is uniformly continuous on ½0; T Â E and uðt; xÞ ¼ 0 for x a E we have lim n!l kuðt n þ t; ÁÞk 0 ¼ 0, where k Á k 0 denotes the supremum norm. But kP t n ; t n þt uðt n þ t; ÁÞÞk 0 a kuðt n þ t; ÁÞk 0 ; so, in UC b ðEÞ lim n!l P t n ; t n þt uðt n þ t; ÁÞÞ ¼ 0 ¼ P TÀt; T ðuðT; ÁÞÞ:
Furthermore, we note that obviously for all f a C b; T ð½0; T Â EÞ If, in particular uðt; xÞ ¼ aðtÞjðxÞ, t a ½0; T, x a E, we have ðS ðTÞ t uÞðt; xÞ ¼ aðt þ tÞðP t; tþt jÞðxÞ; t a ½0; T; x a E: ð2:2Þ By (1.2) it follows that S ðTÞ t , t b 0, is a semigroup of linear operators on C b; T ð½0; T Â EÞ. However, it is not strongly continuous in general as is well known from the literature on Markov semigroups, see e.g. [11] , [12] , [5] , [19] , [10] , [14] , [15] , [16] and [18] .
Let us introduce the notion of p-convergence following [19] . Let ðu n Þ H C b; T ð½0; T Â EÞ and u a C b; T ð½0; T Â EÞ. We say that ðu n Þ is p-convergent to u and write u n ! p u if
n!l u n ðt; xÞ ¼ uðt; xÞ, Eðt; xÞ a ½0; T Â E.
(ii) sup
We call an operator S on C b; T ð½0; T Â EÞ p-continuous if u n ! p u implies Proof. Obviously,
Moreover if 0 a t a T À t, we have jðS ðTÞ t uÞðt; xÞ À ðS ðTÞ t u n Þðt; xÞj a ðP t; tþt juðt þ t; ÁÞ À u n ðt þ t; ÁÞjÞðxÞ:
Now the conclusion follows from the dominated convergence theorem. r Proposition 2.2. Let u a C b; T ð½0; T Â EÞ. Then whenever t; t n a ½0; lÞ, n a N, such that lim n!l t n ¼ t, we have
Proof. Case 1. Consider ðt; xÞ a ½0; T À tÞ Â E. Then for large enough n, also ðt; xÞ a ½0; T À t n Þ Â E. Hence jðS ðTÞ t n uÞðt; xÞ À ðS ðTÞ t uÞðt; xÞj ¼ jðP t; tþt n ðuðt þ t n ; ÁÞÞÞðxÞ À ðP t; tþt ðuðt þ t; ÁÞÞÞðxÞj ! 0 as n ! l;
Case 2. Consider ðt; xÞ a ðT À t; T Â E.
Since then for large n also ðt; xÞ a ðT À t n ; T Â E we have So, we may assume t n < t for all n a N. Then Proof. Let f a C b; T ð½0; T Â EÞ and for any l a R, ðt; xÞ a ½0; T Â E set, following [5] ðF ðlÞ f Þðt; xÞ ¼ It which implies (2.8).
r Remark 2.6. The domain DðK ðTÞ Þ of K ðTÞ is not dense in C b; T ð½0; T Â EÞ in general; however, it is easy to check that it is p-dense in C b; T ð½0; T Â EÞ, that is for any u a C b; T ð½0; T Â EÞ there exists ðu n Þ H DðK ðTÞ Þ such that u n ! p u.
(See the proof of Proposition 2.8 below.) Remark 2.7. By (2.5) it follows that for l > 0
Therefore K ðTÞ is m-dissipative in C b; T ð½0; T Â EÞ.
Proposition 2.8. DðK ðTÞ Þ is p-dense in C b; T ð½0; T Â EÞ, i.e., for every f a C b; T ð½0; T Â EÞ there exist u n a DðK ðTÞ Þ, n a N, such that u n ! p f .
Proof. Let f a C b; T ð½0; T Â EÞ and define u n :¼ nRðn; K ðTÞ Þ f , i.e. for ðt; xÞ a ½0; T Â E u n ðt; xÞ :¼ n 
Fokker-Planck equations
A probability kernel on ½0; T Â E is a mapping ½0; T ! PðEÞ; t 7 ! m t such that for any I a BðEÞ the mapping ½0; T ! R; t 7 ! m t ðI Þ is measurable. We shall identify a probability kernel ðm t Þ t A ½0; T with the Borel measure on ½0; T Â E defined by We claim that mðdt; dxÞ :¼ m t ðdxÞ dt is a solution to (3.1). For this it is enough to check (3.2). We have in fact It is enough to show (3.3) for any u b 0. In this case (3.3) follows from (3.2). r Remark 3.6. It is clear that DðK ðTÞ Þ is a core for K ðT; mÞ .
Comparison with other notions of Fokker-Planck equations
Let E be a separable Hilbert space with inner product 3Á ; Á4. In the literature one is generally concerned with a di¤erent concept of Fokker-Planck equations. Namely, one considers a concrete di¤erential operator To explain the di¤erence, let us go back to Example 1.2 assuming again that problem (1.3) is well posed. In this case the well posedness of the problem is equivalent to saying that DðNÞ is a core for K ðT; mÞ for every solution of (3.4). It is important to consider the case when it is not known that the SDE corresponding to N is well posed. In this case solving the Fokker-Planck equation will produce a kind of weak solution. See [7] , [1] , [2] , [3] , [4] .
Asymptotic behavior
We are here concerned with a Markovian transition probability p ¼ p s; t ðx; ÁÞ on E, with Àl < s a t < þl satisfying (i)-(vi) from Section 1 with R replacing the interval ½0; T. In this case we can define a semigroup in C b ðR Â EÞ setting ðS t uÞðt; xÞ ¼ ðP t; tþt uÞðt þ t; ÁÞÞðxÞ; u a C b ðR Â EÞ: ð4:1Þ
It is easy to prove several properties for S t similar to those seen for S ðTÞ t . In particular, we can define the infinitesimal generator K of S t through its resolvent. We prove again that K is m-dissipative, however, we can only say that its resolvent set contains ½0; þlÞ.
Following [8] , [9] , we say that a family n t , t a R, is an evolution system of measures if Z E P s; t j dn s ¼ Z E j dn t ; Ej a C b ðEÞ; Àl < s a t < þl: ð4:2Þ (4.2) is equivalent to P Ã s; t n s ¼ n t ; Àl < s a t < þl: ð4:3Þ
Note that from property (v) it follows from (4.3) that n t , t a R, is continuous in the sense that
is continuous on R for all j a C b ðEÞ (or, equivalently, for all j a UC b ðEÞ).
Evolution systems of measures are naturally connected to invariant measures of S t , t b 0, as the following proposition shows.
Proposition 4.1. Let n t , t a R, be continuous. Then n t , t a R, is an evolution system of measures if and only if we have Z
where nðdt; dxÞ ¼ n t ðdxÞ dt.1
Proof. Assume that n t , t a R, is an evolution system of measures. It is enough to show (4.4) when uðt; xÞ ¼ aðtÞjðxÞ; t a R; x a E;
where a a C b ðRÞ B L 1 ðRÞ and j a C b ðEÞ. In this case we have, taking into account that n t ¼ P Equations (4.5) and (4.6) were first proved in [8] for reaction-di¤usion equations, then in [7] and [13] for Ornstein-Uhlenbeck semigroups with time dependent coe‰cients and in [6] for the 2D Navier-Stokes equation, see also [17] . Claim. fuðs; ÁÞ : s a ½0; Tg is uniformly equicontinuous.
Proof of the claim (see proof of Ascoli-Arzelà). Let e > 0 and choose d > 0 such that dðx; yÞ < d ) juðs i ; xÞ À uðs i ; yÞj < e 3 ; i ¼ 1; . . . ; n:
Then for any s a ½0; T there exists i a f1; . . . ; ng such that kuðs; ÁÞ À uðs i ; ÁÞk 0 < e 3 :
Hence we have juðs; xÞ À uðs; yÞj a juðs; xÞ À uðs i ; xÞj þ juðs i ; xÞ À uðs i ; yÞj þ juðs i ; yÞ À uðs; yÞj < e; provided dðx; yÞ < d, which proves the claim. Now let e > 0. Then there exists d > 0 such that jt À sj < d ) kuðt; ÁÞ À uðs; ÁÞk 0 < e 2 ; i ¼ 1; . . . ; n and (by Claim) dðx; yÞ < d ) juðs; xÞ À uðs; yÞj < e 2 Es a ½0; T:
Therefore jt À sj þ dðx; yÞ < d ) juðt; xÞ À uðs; yÞj a juðt; xÞ À uðs; xÞj þ juðs; xÞ À uðs; yÞj a e: r
